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Table algebras form an important class of C-algebras. The dual of a table alge-
bra may not be a table algebra, but just a C-algebra. It is not known under what
conditions the dual of a table algebra is also a table algebra. In this paper we prove
that if a table algebra has nilpotency property then its dual also is a table algebra.
Finally we conclude that if A;B is a nilpotent table algebra then its dual also is a
nilpotent table algebra. ' 2000 Academic Press
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1. INTRODUCTION
The concept of a C-algebra was introduced by Kawada [7] as an associa-
tive, commutative algebra over the complex number with a basic which has
certain specied properties. Also for any C-algebra Kawada constructed a
dual C-algebra. Recently, we discussed C-algebras and obtained some in-
teresting results [6].
The dual of any C-algebra is a C-algebra, but the dual of a table algebra
may not be a table algebra. In [1] Arad and Fisman gave examples of table
algebras whose duals were not table algebras. There is a question in Banni
and Ito [2] asking when the dual of a table algebra also is a table algebra.
This problem is interesting and has special importance in the study of table
algebras. For instance, in [8] we can see that even for an integral table
algebra, its dual may not be a table algebra. In this paper we prove that
the dual of a nilpotent table algebra also is a nilpotent table algebra.
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We refer the reader to [1,3,4] for the basic denitions concerning C-
algebras and table algebras. The rest of this introductory section is devoted
to reminding the reader of some basic statments and denitions.
Denition 1.1. A C-algebra A;B; f  is a nite dimensional, associa-
tive, and commutative algebra over  with a basis B = b1; b2; : : : ; bn
in the linear space sense with b1 = 1A , the identity element of A, and
f x A −→  an algebra homomorphism, such that
(i) For all i; j;m; bibj =
X
n
m=1λijmbm with λijm ∈ ,
(ii) There is an algebra automorphism (denoted by
−
) of A whose
order divides 2, such that bi ∈ B implies that bi ∈ B (then i is dened by
bi = bi),
(iii) For all i; j; λij1 6= 0⇐⇒ j = i, and λii1 > 0,
(iv) For all i, f bi = f bi ∈  − 0.
If the conditions (i), (ii), and (iii) in the denition of a C-algebra
A;B; f  hold with λijm ∈ + ∪ 0 for all i; j;m, then A;B; f  is called
a table algebra. In this case B is called the table basis of A.
Let A;B; f  be a C-algebra. Then for b ∈ A we can write b =X
n
m=1λmbm; λm ∈ . In this case the support of b is dened by
Supp
B
b = bi  λi 6= 0. Now let N be a subset of B of a C-algebra
A;B; f  such that for all bi; bj ∈ N we have SuppBbibj ⊆ N; then N
is called a C-subset of B. By [3] if A;B; f  is a C-algebra, then A is
semisimple. Hence, the set I of primitive idempotents of A is another ba-
sis for A. So for any ordered basis e1; e2; : : : ; en consisting of primitive
idempotents of A there exist uniquely determined bis ∈ , 1 ≤ i; s ≤ n,
so that bi =
X
n
s=1bises: By Lemma 2.8 in [3] the algebra homomorphisms
from A to  are in bijection with I x fs ←→ es where fsbi = bis for all
i; 1 ≤ i ≤ n. The automorphism − permutes the members of I. We can or-
der I = e1; e2; : : : ; en so that f ←→ e1 and es = es for all s; 1 ≤ s ≤ n. In
particular, bi1 = f bi ∈  − 0. In this case the eigenmatrix of A;B; f 
is the n × n complex matrix E = bis, where bi =
X
n
s=1bises: DenebBf = as  1 ≤ s ≤ n, where as = X ni=1bis/bi1ei. By Theorem 2.12 in
[3], A;cBf ; f  is a C-algebra with respect to the same automorphism −
which is called the dual of A;B; f  and it is written A;bB dropping the
homomorphism f as an index. Also for each bj ∈ B, we dene
Kerf bj = as ∈cBf  bjs = bj1;
and for each subset Z 6= N ⊆ B, we dene
KerfN =
\
bj∈N
Kerf bj = as ∈ bBf  bjs = bj1; ∀bj ∈ N:
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If e1; e2; : : : ; en is the set of primitive idempotents of A, then
X
i∈Iei
is an idempotent for every nonempty I ⊆ 1; 2; : : : ; n. Corollary 3.13 of
[3] proves that if N is a C-subset then e
N
= X as∈Kerf Nes is the primi-
tive idempotent of N which corresponds to f <N>. Let A;B; f  be a
C-algebra. A nonempty subset N of B is called a quotient subset if and
only if there exists a C-algebra U;V; g and a C-algebra homomorphism
φ: A;B; f  −→ U;V; g such that N = φ−11
U
, where
φ−11
U
 = bi ∈ B  φbi = λi1U ; for some λi ∈ :
Denition 1.2. Let A;B be a table algebra and e = e
N
. Dene
B/N = e ∪ ebt  bt ∈ B−N and f bt ≤ f bj for all bj ∈ SuppBebt:
It follows from [3, Theorems 1 and 2] that Ae;B/N is a table algebra,
and it is called the quotient table algebra determined by N . The positive-
valued homomorphism on B/N is just the restriction of f .
Composition series and composition factors are dened in the obvious
way for any table basis [3, Theorem 5]. The concept of QC-subset in any
C-algebra was introduced in [6]. This notion is very important in order to
introduce the concept of nilpotent C-algebra. We will use from this concept
in the next section.
Denition 1.3. A table algebra A;B is called nilpotent if every com-
position factor of B is abelian.
Denition 1.4. Let A;B be a C-algebra. A subset N of B is called a
QC-subset if N is both a C-subset and a quotient subset.
2. MAIN THEOREMS
In this section we prove that if A;B is a nilpotent table algebra then
A;bB is a table algebra. We begin with a C-algebra A;B and let N be
an abelian QC-subset of B. In Theorem 2.1 we prove that A;B is a table
algebra if B/N is a table basis. Theorem 2.2 then shows one may assume
only that A;B ( and not necessarily also its dual) is a nilpotent table
algebra in order to guarantee that its dual is a table algebra.
Theorem 2.1. Let A;B be a C-algebra and let N be an abelian QC-
subset of B. If B/N is a table basis then A;B is a table algebra.
Proof. Assume A;B is a C-algebra and let N be an abelian QC-subset
of B such that B/N is a table basis. Then for all i and j;
bibj =
X
br∈N
λijrbr +
X
br∈B−N
λijrbr: (1)
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We claim that λijr ≥ 0 for all r; br ∈ SuppBbibj: For this work we must
consider the following three cases:
(i) bi; bj ∈ N:
(ii) bi ∈ N;bj ∈ B −N:
(iii) bi; bj ∈ B −N:
If (i) holds, then since N is an abelian C-subset, we are done. Now let (ii)
hold. From (1) we have
bieN bjeN  = bibjeN =
X
br∈N
λijrbreN  +
X
br∈B−N
λijrbreN : (2)
Since bi ∈ N; there are positive real numbers αi; αr such that bieN = αieN
and breN = αreN for all r; br ∈ N: Hence from (2) we obtain
αibibjeN  = bibjeN =
X
br∈N
λijrαreN +
X
br∈B−N
λijrbreN : (3)
From (3) we can see that λijr ≥ 0 for all r; br ∈ B −N ∩ SuppBbibj. Now
in order to complete the proof of (ii), it sufces to show that λijr ≥ 0 for
all r, br ∈ N ∩ SuppBbibj: Since br ∈ SuppBbibj it follows that
λijrλrr1 = bibj; br = bj; bibr = λirjλjj1: (4)
On the other hand, since bi; br ∈ N; it follows that SuppBbibr = 1: Thus
from (4) we obtain bibr = αbj for some positive real α: Hence λijrλrr1 ≥ 0;
and so λijr ≥ 0: This completes the proof of (ii).
Suppose that (iii) holds. From (1) we have
bibjeN =
X
br∈N
λijrbreN  +
X
br∈B−N
λijrbreN : (5)
But br ∈ N implies that breN = αreN for some αr ∈ +: Hence from (5) we
imply
bieN bjeN  = bibjeN =
X
br∈N
λijrαreN +
X
br∈B−N
λijrbreN : (6)
Since B/N is a table basis, we can obtain λijr ≥ 0 for all r; br ∈ B − N ∩
Supp
B
bibj: Now we show that λijr ≥ 0 for all r; br ∈ N ∩ SuppBbibj: To
do this, let br ∈ N ∩ SuppBbibj: Obviously
λijrλrr1 = bibj; br = bi; bjbr = λjriλii1: (7)
Since bj ∈ B − N and br ∈ N; by (ii) we obtain λjri ≥ 0; for all r; br ∈
Supp
B
bjbr and so from (7) we imply λijr ≥ 0: Therefore we show that
A;B is a table algebra, which completes the proof of Theorem 2.1.
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Now we provide an explanation of the main theorem of this paper. The
nilpotency property is preserved by duality in any C-algebra; see [6]. This
property is used in the following theorem vigorously.
Theorem 2.2. If A;B is a nilpotent table algebra, then A;bB is a table
algebra.
Proof. Let N be a maximal C-subset of B: Using the nilpotency property
of B we obtain that B/N is abelian. Then N and B/N are nilpotent table
algebras so by induction on dimension bN and dB/N both are table algebras.
Furthermore by [3, Theorem 1]bN ∼= bB/KerN; dB/N ∼= KerN:
This shows that KerN and bB/KerN both are table algebras. Now by using
[6, Theorem 3.3] we imply that KerN is an abelian QC-subset of bB: So
from Theorem 2.1 we imply that A;bB is a table algebra. This completes
the proof of Theorem 2.2.
Corollary 2.3. If A;B is a nilpotent table algebra then A;bB is also.
Proof. Since A;B is a nilpotent table algebra, A;bB is a table alge-
bra by Theorem 2.2. Now we have that A;B and A;bB are both table
algebras. Hence from Theorem 2.5 in [5] we obtain that A;bB is nilpotent.
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